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Abstract
A six-dimensional braneworld scenario based on a model describing the interaction of gravity, gauge fields and 3+ 1 branes
in a conformally invariant way is described. The action of the model is defined using a measure of integration built of degrees
of freedom independent of the metric. There is no need to fine tune any bulk cosmological constant or the tension of the two
(in the scenario described here) parallel branes to obtain zero cosmological constant, the only solutions are those with zero 4D
cosmological constant. The two extra dimensions are compactified in a “football” fashion and the branes lie on the two opposite
poles of the compact “football-shaped” sphere.
 2003 Elsevier B.V. Open access under CC BY license.1. The model
Recently there have been a great number of studies
of the possibility that our Universe is built of one
or more 3 + 1 branes and a higher-dimensional bulk
component [1–5]. Standard model fields would be
confined to the branes while gravity can propagate
into the bulk also. In this Letter, the question of the
cosmological constant will be addressed in a model of
this kind.
One approach to the cosmological constant prob-
lem has been to exploit the possibility of using in
the action a measure of integration independent of the
metric GAB , that is, different from
√−GdDx , where
G= det(GAB). See Refs. [6–8].
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√−GdDx one can use ΦdDx ,
where
(1)Φ = 
A1...AD
a1...aD∂A1ϕa1 · · ·∂ADϕaD
in D-dimensional space–time. Here the ϕa fields
are scalars and are treated as independent degrees
of freedom. Since Φ has the same transformation
properties as
√−G, it follows that also Φ dDx is a
scalar as well as
√−GdDx .
Then we can write, for example, an invariant action
of the form
(2)S =
∫
LΦ dDx,
where L is a scalar. One can explore the possibility of
using also
√−GdDx in another piece of the action,
this “two measures” possibility will not be used here.
Notice that Φ is a total derivative, indeed we can
write
(3)Φ = ∂A1
(

A1...AD 
a1...aDϕa1 · · ·∂ADϕaD
)
.
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(4)L→ L+ const
does not change the equations of motion.
Let us now describe what will be our choice for
L: it should describe gauge fields, gravity and 3 + 1
branes.
For the (bulk) gauge field contribution to L we will
consider a “square root” form s
√|FCDFCD| where
FCD = ∂CAD − ∂DAC . This is a very interesting
possibility: such “square root gauge theory” has been
shown to give rise to string solutions [9] and therefore
provides a theory which includes strings as special
types of excitations, while containing other types of
excitations as well. The square root gauge theory was
considered also as a model for confinement [8,10].
When including gravity, the bulk dynamics will be
then governed by
Sbulk =
∫
LbulkΦ d
6x,
(5)Lbulk =− 1
κ
R + s
√
|FCDFCD|,
where
(6)R =GABRAB, RAB =RCABC,
and the curvature tensor is defined in terms of the
connection coefficients through the relation
(7)
RABCD = Γ ABC,D −Γ ABD,C + Γ AEDΓ EBC − Γ AECΓ EBD.
The relation between Γ ABC and GAB is determined by
the variational principle. s is a number.
Model (5) was studied in Ref. [8] and shown to
provide a compactification mechanism without the
need of fine tuning a bulk cosmological constant term.
The compactification takes place when FAB takes a
monopole expectation value in two extra dimensions.
Under the change
(8)ϕa → ϕ′a(ϕb),
which means that Φ → ∣∣ ∂ϕ′a
∂ϕb
∣∣Φ , we can achieve
invariance of the action defined by Eqs. (2), (5), (6),
(7) if GAB is also transformed according to
(9)GAB →
∣∣∣∣∂ϕa∂ϕ′b
∣∣∣∣GAB.In this case we can recover the general relativity form
if by means of the conformal invariance displayed
before, we choose the gauge Φ =√−G.
Notice that the conformal invariance (8), (9) is
possible because both terms in L in (5) have the same
homogeneity in GAB . They are both homogeneous of
degree one in this variable, so their transformation can
be simultaneously compensated by the transformation
of the measure Φ .
To construct a brane scenario we must, of course,
study the introduction of a brane term to L. We will
see that the action of a 3 + 1 brane embedded in a
six-dimensional space is consistent with the conformal
symmetry (8), (9).
Before considering the action of a 3 + 1 brane in
the context of an action of the form (1) and (2), let us
review what is the action in the context of the standard
formulation. In this case
(10)Sstandard4 =
∫
d4σ
√−g l4 =
∫
d6x
√−GL4,
here g = det(gµν) and gµν being the metric pulled
back to the brane world volume:
(11)gµν =GABxA,µxB,ν,
and
(12)L4 =
∫
d4σ
√−g√−Gδ
(D)
(
x − x(σ))l4;
and we will consider the case where D = 6 and l4 =
T = const. This constant T has the interpretation of
‘3+ 1 surface tension’.
We can incorporate (12) into the general form
(1), (2) by changing the measure of integration:
d6x
√−G → d6x Φ , so that the brane contribution
will be now
(13)S4 =
∫
d6x ΦL4,
where L4 is given by (12) for l4 = T = const.
It is very important to see the very special role of
the dimensionalities 3+1 of the brane and 6= 5+1 of
the embedding space: indeed L4 as defined by (12) is
of degree one in GAB only for the very special choice
D = 6. So that
(14)S = Sbulk + S4
with Sbulk given by (5) and S4 given by (12), (13),
has the symmetry (8), (9). Notice that by using the
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and in this case S4 = Sstandard4 . This once again, only
for a 3+1 brane when embedded in a six-dimensional
space.
2. A zero four-dimensional cosmological constant
without fine tuning
The fact that L = Lbulk + L4, where Lbulk and L4
are given by (5) and (12), is homogeneous in GAB
with homogeneity one implies
(15)GAB ∂L
∂GAB
= L
(and a similar equation holds also separately for Lbulk
and L4). The variation of the action with respect to the
ϕa fields gives the equation
(16)AAa ∂AL= 0,
where
(17)AAa = 
AA2...A6
aa2...a6∂A2ϕa2 · · ·∂A6ϕa6,
since one can easily see that
det
(
AAa
)= 6−6
6! Φ
6,
we have that if Φ = 0, then ∂AL = 0, which means
that
(18)L=M = const.
Taking a variation of the action (2) with respect to a
conformal transformation, i.e., to a transformation of
the form GAB →Ω2(x)GAB , we obtain, for the case
that L is an homogeneous function of GAB (of non-
trivial homogeneity), that L = 0, so that the constant
M in (18) equals zero.
The constant of integration M , if it were different
from zero would have spontaneously broken the con-
formal invariance, since L changes under a confor-
mal transformation (as mentionedL is of homogeneity
one in GAB ) and M does not (is fixed by the bound-
ary conditions). If we work with theories with global
scale invariance, there is the possibility of spontaneous
breaking of global scale invariance by the appearance
of non-zero constant of integration M . See Ref. [7].Separating gravity and matter pieces of the action,
we define
(19)L=− 1
κ
R+Lmatter,
and we obtain, from the variation with respect to GAB
(using the fact that the fields in the measure Φ are
independent of GAB ),
(20)RAB = κ ∂Lmatter
∂GAB
.
Alternatively, one can perform the variation with
respect to GAB after setting the “Einstein” gauge Φ =√−G. In this case one obtains the Einstein’s equations
corresponding to the matter Lagrangian Lmatter. These
equations are identical to (20) if use is made of the fact
that Lmatter is homogeneous of degree one in GAB .
In any case, even before we start to solve in detail
the equations of motion, we see something remarkable
from Eq. (20). Let us consider a product metric of the
form
(21)ds2 = gµν(xα) dxµ dxν + γij (xk) dxi dxj ,
where the ordinary dimensions are labeled with Greek
indices, µ,ν,α = 0,1,2,3 and the extra dimensions
with small Latin indices, i, j, k= 4,5 and consider the
case when FAB takes non-zero values only in the extra
dimensions i, j, k= 4,5 and let us consider the branes
to be oriented in the 3 + 1 hyperplanes orthogonal to
those of the two extra dimensions, i.e., hyperplanes
xi = const.
In this case we see that in s
√|FCDFCD| only the
extra-dimensional metric appears and like wise the
same is true for S4, because there, in the ratio g/G
the four-dimensional metric is canceled.
Therefore (20) implies that both s
√|FCDFCD|
and S4 curve only the extra dimensions. A solution
containing four-dimensional flat Mankowski space is
possible without fine tuning whatsoever!, i.e., we can
take
ds2 =−dt2 + dx2 + dy2 + dz2
(22)+ γij (xk) dxi dxj .
3. The explicit braneworld solutions
Given the metric (22), choosing the Einstein form
Φ = √−G, we can see that, if we want an extra-
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where there are no branes), we must consider a field
strength which has expectation value in the extra
dimensions of the form, as has been done in many
previous studies of spontaneous compactification [11]
(23)Fij = B0√γ 
ij ,
where B0 is a constant. This automatically gives
FABFAB = 2B20 = const and from (20) and (23) a
constant extra-dimensional curvature appears.
This configuration satisfies also the field equations
for the gauge fields
(24)∂A
(√−G FAB√|FCDFCD|
)
= 0.
If there are no branes (T = 0, S4 = 0), we take the
extra dimensions to have a spherical shape,
γij (x
k) dxi dxj = b2(dθ2 + sin2 θ dφ2),
(25)b = const
and then Eq. (20) implies that there is the following
relation:
(26)b2 =
√
2
sκB0
.
When branes are present, we can keep still a gauge
field configuration satisfying (23), but then the extra-
dimensional part of the metric has to be changed, to a
“football-like configuration” in the language of Carroll
and Guica [12], see also Ref. [13]. The study of “brane
surgery” of compact extra dimensions was started by
Louko and Wiltshire, see Ref. [14].
We consider two branes located at opposite poles of
the spherical extra dimensions. Following the analysis
of Carroll and Guica [12], we represent the extra
dimensions as
(27)γij (xk) dxi dxj =ψ(r)
(
dr2 + r2 dφ2).
To describe brane sources we need to introduce
singularities at the north pole r = 0 and at the south
pole (r = ∞, but a new coordinate system should
be used there). The standard two-dimensional delta
function with respect to integration measure r dr dφ
is
(28)δ(2)(r)= 1
2π
∇2 ln r,where ∇2f = f ′′ + 1
r
f ′, ′ being derivation with
respect to r .
For the metric defined by Eqs. (22) and (27) we
have
Rµν = 0, Rrr =−12∇
2ψ,
(29)Rφφ =− r
2
2
∇2ψ, R =− 1
ψ
∇2ψ.
From (20) and from the fact that
GAB
∂Lmatter
∂GAB
= Lmatter,
we get that
(30)R = κLmatter,
equation that gives (using the representation (28) for
the two-dimensional delta function and Eqs. (5) and
(12) for the matter Lagrangians of the gauge fields and
3+ 1 brane)
(31)− 1
ψ
∇2ψ = sκ√2B0 + κT2πψ ∇
2(ln r).
This equation, which appears also in the context of
(2+ 1)-dimensional gravity, has the solution [15] (the
different constants in (31) having a different meaning
in the corresponding equation in Ref. [15], of course)
(32)ψ = 4α
2b2
r2
[(
r
r0
)α + ( r
r0
)−α]2 ,
where r0 is an arbitrary parameter and
(33)α = 1− κT
4π
, b2 =
√
2
sκB0
.
Such a metric can be transformed into the form (where
r0 goes away),
(34)γij (xk) dxi dxj = b2
(
dθ2 + α2 sin2 θ dφ2),
where φ ranges from 0 to 2π , or equivalently
(35)γij (xk) dxi dxj = b2
(
dθ2 + sin2 θ dφ¯2),
where φ¯ now ranges from 0 to 2πα < 2π . The effect
of the branes (at the opposite poles of the extra-
dimensional sphere and having the same tension) is
just to produce a deficit angle and changing the shape
of the extra-dimensional into a football like sphere.
It should be pointed out that the solutions with
FABFAB = const (used here) are not the most general
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theory allows string like solutions [9]. The generaliza-
tions of the string solutions in the square root gauge
theory in six dimensions are 3+ 1 brane solutions, as
we will see elsewhere, so that in fact the 3+ 1 branes
do not have to be added to Sbulk defined in Eq. (5).
A complete study of the solutions of the square root
gauge theory plus gravity will be done elsewhere, but
still, as we have seen in Section 2, which does not
depend on the details of the solutions, we have that
as long as FAB takes expectation values in the extra
dimensions only, does not matter in which precise
way, only the extra dimensions curve and the four-
dimensional space remains flat.
4. Discussion and conclusions
We have seen that it is possible to construct a
totally conformally invariant six-dimensional brane
world scenario by means of the introduction of a
new measure of integration in the action. This new
measure of integration depends of degrees of freedom
independent of the metric. The model includes gravity,
gauge fields and 3+ 1 branes.
We have also seen that if the gauge fields take
expectation values in the extra dimensions and if the
3 + 1 branes are orthogonal to the extra dimensions,
we get that the four-dimensional subspace can remain
flat without need of any fine tuning, only the extra
dimensions are curved. For this it is essential that√−G did not enter in the measure of integration of
the action.
An explicit solution with the “football” like com-
pactification for the extra dimensions [12,13] and flat
four-dimensional space which exemplifies the above
has been displayed. More general solutions will be
studied elsewhere.
Notice that although
√−G did not enter in the
measure of integration of the action, Φ = √−G can
be chosen as a particular conformal “gauge” however
(and we have presented our solutions in this gauge).
As it is well known, a choice of gauge can be
subject sometimes to topological obstructions. For
example, in the presence of a ’t Hooft–Polyakov
monopole, the unitary gauge for the Higgs field has
this problem. In the problem at hand, the gauge choice
Φ = √|G| can suffer similar kind of problems inthe case of compact spaces. Taking, for example,
the case of a two-dimensional sphere where ds2 =
dθ2 + sin2 θ dφ2, i.e., √|G| = sin θ and now Φ =

µνFµν with Fµν = 
ab∂µϕa∂νϕb = ∂µAν − ∂νAµ,
where Aν = 12
abϕa∂νϕb . It is easy to see then that
Φ = √|G| implies that Fµν has the form of the field
strength of a magnetic monopole, which implies the
existence of a Dirac string (a point in the sphere in
this case). This may be unpleasant but not a severe
problem, since the “real field strength” (Eq. (23)) has
the same problem in any case.
To avoid these kind of problems, one may look for
an approach that does not involve a gauge choice. This
is indeed possible, one finds, working in an arbitrary
conformal gauge, that the connection coefficients are
given by the Christoffel symbols, not of the original
metric, but of the metric
GAB =
(
Φ√−G
)1/2
GAB.
Notice that GAB is a conformally invariant variable
and it is governed by Einstein dynamics. Furthermore,
it reduces to GAB if the gauge Φ =
√−G is possible,
but this variable is defined even if such gauge cannot
be realized globally, due to some obstruction.
Of course, to describe the real Universe one has
to go beyond this model and introduce spontaneous
symmetry breaking of scale invariance, a small vac-
uum energy to describe the presently accelerated Uni-
verse, as has been done in the context of alternative
measure theories in four dimensions [7]. This six-
dimensional model represents nevertheless significant
progress, since it allows us to see the applicability of
the “modified measure” approach to braneworld sce-
narios and therefore for a starting point of a new di-
rection in the research of these kind of theories.
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